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A new upper bound is obtained for the incomplete hyper-Kloosterman sum by
means of Burgess’ estimate, provided the number of variables in the sum is sufficiently
large.  1999 Academic Press
In connection with the problem of expressing integers by a positive
definite integral quadratic form in four variables, Kloosterman [9] intro-
duced the exponential sum
S(a, b; p)= :
p&1
d=1
e \ad+bd

p + , (1)
in his refinement of the HardyLittlewood circle method, where e(x)=
exp(2?ix), p3 is a prime, ( p, ab)=1; and d stands for the multiplicative
inverse of d( mod p). Kloosterman [9] also provided a non-trivial bound
O( p34) for S(a, b; p), which was subsequently improved by Davenport [4]
and Salie [12] to O( p23). Weil [14] established the best possible bound
|S(a, b; p)|2p12, (2)
which followed as a corollary of his proof of the Riemann hypothesis for
algebraic curves over finite fields.
For applications to arithmetic, one also needs non-trivial bounds for the
incomplete Kloosterman sum,
S(a, b; p, x)= :
1dx
e \ad+bd

p + , (3)
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where 1xp&1. For that purpose, one usually utilizes the bound for (3)
S(a, b; p, x)<<p12 log p, (4)
which is derived by completing the sum S(a, b; p, x) and then applying
Weil’s bound (see Hooley [7], for example), an idea originally due to Hua
[8] in the context of incomplete exponential sums.
However, if x<<p12, as far as I know, no non-trivial bounds have been
established. Concerning the size of the sum S(a, b; p, x), Hooley [6] made
the conjecture
S(a, b; p, x)<<= x12 p=, (5)
for any =>0.
The high-dimensional generalization of Kloosterman sums, the hyper-
Kloosterman sum,
Klm( p)= :
p&1
d1=1
} } } :
p&1
dm=1
e \d1+ } } } +dm+d1 } } } dmp + , (6)
was introduced by Mordell [11], who also proved for (6) the bound
O( p(m+1)2). Note Kl1( p)=S(1, 1; p) in our notations.
Deligne [5] established for (6) the optimal bound
|Klm( p)|(m+1) pm2 (7)
as consequences of his proof of Weil’s conjectures for algebraic variety over
finite fields.
Recently hyper-Kloosterman sums find applications in the estimation of
Fourier coefficients of Maass forms [1] and in the work on Selberg’s eigen-
value conjecture [10]. For the interesting connection of hyper-Kloosterman
sums with the Heilbronn sum, see [13].
This note is concerned with the incomplete hyper-Kloosterman sums
Klm( p, x1 , ..., xm)= :
1d1x1
} } } :
1dmxm
e \d1+ } } } +dm+d1 } } } dmp + , (8)
where 1x1 , ..., xmp&1. From Deligne’s bound, we obtain easily the
following lemma by completing Klm( p, x1 , ..., xm).
Lemma. We have
Klm( p, x1 , ..., xm)<<pm&1+ pm2(log p)m. (9)
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Proof. Let f (d1 , ..., dm) be an arithmetical function of period p in each
argument. Then
:
1d1x1
} } } :
1dmxm
f (d1 , ..., dm)
= :
p
a1=1
} } } :
p
am=1
f (a1 , ..., am) :
1d1x1 ; d1#a1 (mod p)
} } } :
1dmxm ; dm#am ( mod p)
1
=
1
pm
:
p
a1=1
} } } :
p
am=1
f (a1 , ..., am)
_ :
1d1x1
} } } :
1dmxm
:
| y1 | ( p&1)2
} } } :
| ym |( p&1)2
_e \ y1(d1&a1)+ } } } + ym(dm&am)p +
= :
| y1 |( p&1)2
} } } :
| ym | ( p&1)2
*( y1 , x1) } } } *( ym , xm) :
p
a1=1
} } } :
p
am=1
_f (a1 , ..., am) e \&a1 y1& } } } &am ymp + ,
where
*( y, x)=
1
p
:
1dx
e \dyp +=
e([x] yp)&1
e( yp)&1
e \ yp+ p&1, ( y{0),
and *(0, x)=[x]p. For 1| y|( p&1)2, we have
|*( y, x)p&1 |sin(?yp)| &11(2 | y| ).
Taking
f (d1 , ..., dm)={ e \
d1+ } } } +dm+d1 } } } dm
p + , if ( p, d1 } } } dm)=1,
0, if otherwise,
we deduce that
Klm( p, x1 , ..., xm)<<pm&1+ pm2(log p)m,
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in view of the fact that if p | c1 } } } cm , then
} :
p&1
d1=1
} } } :
p&1
dm=1
e \c1 d1+ } } } +cmdm+d1 } } } dmp +}ps&1,
where s is the number of ci divisible by p. This finishes the proof.
For m2 the above lemma is trivial when x1 } } } xm<<pm&1. The follow-
ing theorem provides non-trivial bounds for p(14)+$<x1 , ..., xm<p and
large m.
Theorem 1. We have for r2,
Klm( p, x1 , ..., xm)<<x1 } } } xm p+ p12(x1 } } } xm)1&1r ( p14(r&1) log2 p)m.
(10)
Proof. For character / (mod p), define
{(/)= :
p
d=1
/(d ) e(dp);
{(x, /)= :
1dx
/(d ) e(dp).
Note when / is not trivial, {(/) is a Gauss sum.
We have
:
/(mod p)
{(x1 , /) } } } {(xm , /) {(/)
= :
1d1x1
} } } :
1dmxm
:
1dm+1p
:
/(mod p)
/(d1 } } } dmdm+1)
_e \d1+ } } } +dm+dm+1p +
=( p&1) :
1d1x1
} } } :
1dmxm
e \d1+ } } } +dm+d1 } } } dmp +
=( p&1) Klm( p, x1 , ..., xm).
If / is the trivial character, then {(/) is a Ramanujan sum, which equals
&1. For / non-trivial, we apply Burgess’ bound [3] for the incomplete
Gauss sums {(x, /): for r2,
{(x, /)<<x1&1rp14(r&1) log2 p, (11)
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which is derived by modifying Burgess’ celebrated methods [2] for estimat-
ing character sums.
Therefore, we infer that
( p&1) Klm( p, x1 , ..., xm)
<<x1 } } } xm+( p&1) p12(x1 } } } xm)1&1r ( p14(r&1) log2 p)m.
This completes the proof of Theorem 1.
Remark. Assuming m is large and p(14)+$<x1 , ..., xm<p (or even
assuming that there are at most O(1) exceptions), which is the effective
range for Burgess’ bound (11), our result is clearly non-trivial for r>1+1(4$)
and m>1(2’) where ’=’(r, $)=$r&14r(r&1).
Concerning the true size of Klm( p, x1 , ..., xm), we expect that the follow-
ing estimate should be true (compare (5)):
Conjecture. For any =>0, we have
Klm( p, x1 , ..., xm)<<= (x1 } } } xm)12 p=. (12)
Similar to Theorem 1, we can deduce the following theorem on incom-
plete multiple exponential sums involving a general monomial d a1
1
} } } d amm ,
where a1 , ..., am # Z"[0] are fixed.
Theorem 2. We have
:
1d1x1
} } } :
1dmxm
e \d1+ } } } +dm+d
a1
1 } } } d
am
m
p +
<<x1 } } } xm - p+ p12(x1 } } } xm)1&1r ( p14(r&1) log2 p)m.
Proof. We have
:
/(mod p)
{(x1 , /a1 ) } } } {(xm , /am ) {(/ )
= :
1d1x1
} } } :
1dmxm
:
1dm+1p
:
/(mod p)
/(d a1
1
} } } d amm dm+1 )
_e \d1+ } } } +dm+dm+1p +
=( p&1) :
1d1x1
} } } :
1dmxm
e \d1+ } } } +dm+d
a1
1 } } } d
am
m
p + .
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For each of ai , there are at most O(1) number of / such that /ai is trivial.
Thus Theorem 2 follows from Burgess’ bound (11).
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